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Abstract We present modified Gauss-Bonnet gravity
without matter in four dimensions which accommodates
flat emergent universe (EU) obtained in Einstein’s gen-
eral theory of gravity with a non-linear equation of
state. The EU model is interesting which is free from
big-bang singularity with other observed features of
the universe. It is assumed that the present universe
emerged out from a static Einstein universe phase ex-
ists in the infinite past. To obtain a flat EU model we
reconstructed mimetic modified f(G)-gravity (G rep-
resenting Gauss-Bonnet terms) without matter. The
functional form of f(G)-gravity is determined which
accommodates the early inflation and late accelerating
phases without matter.
1 . Introduction
In modern cosmology it is believed that the present uni-
verse emerged from an inflationary phase in the early
universe [1,2,3]. The observational cosmology in recent
decades predicted that our universe emerged out from
an early inflationary epoch. Inspite of success of hot Big
B. C. Paul
E-mail: bcpaul@associates.iucaa.in
Department of Physics, University of North Bengal, Siliguri,
Dist. : Darjeeling 734 014, West Bengal, India
S. D. Maharaj
E-mail: maharaj@ukzn.ac.za
Astrophysics and Cosmology Research Unit, School of Math-
ematics, Statistics and Computer Science, University of
KwaZulu-Natal, Private Bag X54001, Durban 4000, South
Africa
A. Beesham
E-mail: abeesham@yahoo.com
Department of Mathematical Sciences, University of Zululand
Private Bag X1001, Kwa-Dlangezwa 3886, South Africa
Bang model of the universe it fails to find no solution
in Einstein’s general theory of relativity with perfect
fluid. The concept of early inflation introduced in cos-
mology resolve some of these issues in cosmology. It is
known that inflation can be obtained in a semiclassical
theory of gravity or in a higher order theory of gravity.
Recent cosmological observations [4,5,6] predicted an-
other interesting feature of the universe that the present
universe is passing through an accelerating phase. The-
oretically it is challenging to describe the origin of the
late accelerating phase as the physics of the inflation [7,
8,9,10,11] and the introduction of a small cosmological
constant for late acceleration are among the features
that are not yet understood [12,13]. A number of pro-
posal put forwarded in understanding the late accelerat-
ing universe similar in this direction to realize the early
inflation either by a modification of the gravitational
sector [14,15,16] or by a modification of the matter sec-
tor of the Einstein’s general theory of relativity. Thus
there is enough motivation to explore for an alternative
cosmological model. Astashenok et al. [17] in a mimetic
modified gravity models investigated various scenarios
of cosmological evolution, with or without extra mat-
ter fluids to obtain different cosmological evolutions.
Considering a simplest formulation based on the use
of the Lagrange multiplier constraint it is shown that
in some theories, it is possible to realise accelerated ex-
pansion of the Universe or even unified evolution, which
includes inflation with dark energy, and dark matter de-
scribed by the theory. Adopting general reconstruction
schemes, it is found that mimetic gravity also gener-
ates a specific cosmological evolution namely, bouncing
cosmologies. Recently, in the literature [17,18,19] cos-
mological models with a number of known evolutionary
features are examined. The motivation of the paper is to
reconstruct modified Gauss-Bonnet gravity which per-
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mits a singularity free cosmology namely, flat emergent
universe model which encompass the unified evolutions
of the universe.
The possibility of a cosmological model [20] in which
there is no Big Bang singularity, no beginning of time,
and the universe effectively avoids a quantum regime
for space-time by staying large at all times was con-
sidered first by Ellis and Maartens [21] satisfactorily.
In the model the universe started out in the infinite
past in an almost static Einstein universe and subse-
quently it entered in an expanding phase slowly, even-
tually evolving into a hot Big Bang era. Later Ellis et
al. [22] constructed an emergent universe scenario for
a spatially closed universe with a minimally coupled
scalar field φ, using a special form for the interaction
potential V (φ). However, it was shown [23] immedi-
ately that such a potential can be recovered starting
from a modified gravitational action with a polynomial
Lagrangian L = R+αR2 making use of a suitable con-
formal transformation and identification of the field as
φ = −
√
3 ln(1 + 2αR). In the above however one re-
quires to have a negative coupling term α for a consis-
tent emergent universe (EU) scenario. Later in a flat
space-time Mukherjee et. al. [24] obtained a new cos-
mological solutions with a static Einstein universe in
the framework of a semiclassical gravity [25].
It is known that EU scenario promises to solve sev-
eral conceptual and technical issues of the Big Bang
model. Recent cosmological observations predict that
the universe is most likely to be spatially flat. Therefore,
it is important to explore a flat EU model. A decade
ago Mukherjee et al. [26] in the framework of Einstein
gravity obtained an EU scenario in a flat universe mak-
ing use of cosmic fluid that describe by a non-linear
equation of state p = Aρ − B√ρ where A and B are
arbitrary constants.
The possibility of emergent cosmology using the ef-
fective potential formalism has been further explored
recently showing that new models of emergent cosmol-
ogy can be realized within a limit set by the constraints
imposed by the cosmic microwave background (CMB)
radiation [27]. It has also been demonstrated that within
the framework of modified gravity, the emergent sce-
nario may be obtained in a spatially open or closed
universe. It is shown that a static Einstein universe so-
lution permitted in a modified theories of gravity with
perfect fluid [22] may be useful for constructing an al-
ternative cosmological model without Big Bang singu-
larity. It is also shown later that such an EU scenario
can be realized even in a flat universe in a modified the-
ory of gravity by including higher order Gauss-Bonnet
terms in the presence of a dilaton coupling [28]. Sub-
sequently the EU model in a flat universe is explored
in various theoretical framework, namely Brane world
[29,30,31], Brans-Dicke theory [32], as well as in the
context of the non-linear sigma model [33] and found
that it can be obtained with all the features of the
observed universe. The EU model accommodates late
time de-Sitter expansion and thus, naturally permits
late time acceleration of the universe. Such a scenario is
promising from the perspective of offering unified early
as well as late time dynamics of the universe. Note how-
ever, that the focal point of unification in such emer-
gent universe models lies in the choice of equation of
state for the polytropic fluid, while several other mod-
els of unification rely more on the scalar field dynamics
in the presence of a suitable field potential [34,35,36].
A number of issues pertaining to different models of
EU have been discussed in the literature [37,27]. It is
known that Gauss-Bonnet term without dilaton field
does not contribute in the dynamics [28] of the uni-
verse in four dimensions as it is a Euler number. The
motivation of the paper is to obtain EU scenario in a
modified gravity with a modified Gauss-Bonnet grav-
ity term without dilaton field which can accommodate
a flat EU model of the universe i.e., we reconstruct
theoretically an acceptable modified gravity with GB
terms in the gravitational action for accommodating
EU scenario. The Emergent Universe model is interest-
ing because of its various observed features. It permits
a non-singular solution of cosmology, an important and
new property in understanding the early evolution of
the universe, which is different from that obtained re-
cently in the literature [17,38] where a singular bounce
solution is obtained in a F (G) theory of gravity where
G = R2− 4RµδRµδ+RµανβRµανβ is the Gauss-Bonnet
combination.
The paper is organized as follows: In Sec. 2, we set
up the relevant field equation starting from a gravi-
tational action for modified Gauss-Bonnet gravity. In
Sec. 3, we present the Gauss-Bonnet modified theory
for emergent universe, In Sec. 4, non-Singular bounce
from mimetic F (G) gravity is presented and in Sec. 5,
we present a brief discussion.
2 . Gravitational Action and the Field
Equations
The gravitational action for modified Gauss-Bonnet grav-
ity theory [39,40,41,42,43,44,45,46,57] is given by
I = − 1
2κ2
∫
(R+ F (G))
√−g d4x+ Im (1)
where κ2 = 1
M2
P
with the Planck mass represented by
MP , R represents the Ricci scalar and Im represents the
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action for matter fields. The field equation is obtained
by varying the metric which is given by
Rµν−
1
2
gµνR−
1
2
gµνF (G)−(−2RRµν+4RµδRδν−2Rδστµ Rνδστ
+4gαδgβσRµανβRδσ)F
′(G)− 2(▽µ▽νF ′(G))R
+2gµν(F
′(G))R−4(F ′(G))Rµν+4(▽µ▽νF ′(G))Rδν
+4(▽δ▽νF
′(G))Rδµ − 4gµν(▽δ∇σF ′(G))Rδσ
+4(▽δ▽σF
′(G))gαδgβσRµανβ = κ
2Tµν (2)
where Tmuν is the energy momentum tensor.
We consider a Robertson-Walker metric for a spa-
tially homogeneous and isotropic space-time which is
given by
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2θ dφ2
)]
(3)
in the unit c = 1 and ~ = 1, where a(t) represents the
scale factor of the universe and k = 0,+1,−1 represent
flat, close and open universe respectively. As we explore
emergent universe in a flat space-time [26] we consider
here k = 0. The Ricci scalar and the Gauss-Bonnet
invariant in a flat space-time are given by
R = 6H˙ + 12H2, G = 24H2(H˙ +H2) (4)
where H = a˙a is the Hubble parameter and (˙) is the
time derivative. The gravitational field equations are
given by
6H2 + F (G)−GF ′(G) + 24H3G˙F ′′(G) = 2κ2ρ (5)
4H˙ + 6H2 + F (G)−GF ′(G) + 16HG˙(H˙ +H2)f ′′(G)
+8H2G¨F ′′(G) + 8H2G˙2F ′′′(G) = −2κ2p (6)
In four dimensions emergent universe (EU) can be ob-
tained with a non-linear equation of state in Einstein
gravity. The EU scenario in a flat universe was obtained
by Mukherjee et al. [26] which evolves out of a static
phase of the universe in the infinitely past time. It is
free from big bang singularity and exhibits the features
of an observable universe [47,48,49,50,51,52].
It has been shown that the EU model can be imple-
mented in a modified gravity with Gauss-Bonnet terms
coupled with dilaton field [28]. In this paper we explore
EU model in vacuum in a modified Gauss-Bonnet grav-
ity and determine the functional form of f(G) in the
action. It is known that in 4 dimensions only GB terms
in the action is a Euler number which is not contribut-
ing in the dynamics. However, it is shown that modified
Gauss-Bonnet gravity plays an important role in under-
standing the evolution of the universe ([53]-[18]). The
form of F (G)-gravity will be reconstructed by using the
method given in Ref. [58,59,19] in the next section.
2.1 Reconstruction Method of F (G) gravity
We reconstruct F (G) gravity models by using the method
of Ref. ([42,58,59]). Consider the gravitational action
[18] without matter
I = − 1
2κ2
∫
(R+ P (t)G+Q(t))
√−g d4x (7)
where P (t) andQ(t) are two proper functions of a scalar
field t, which is interpreted as the cosmic time. Now
varying the action with respect to t, we obtain [42,58,
59,19,60,61]
dP (t)
dt
G+
dQ(t)
dt
= 0. (8)
The solution of the differential equation can be ex-
pressed as t = t(G). Consequently substitution of the
above solution in eq. (7), yields the modified Gauss-
Bonnet gravity functional in the Einstein-Hilbert action
F (G) = P (t)G+Q(t). (9)
It is interesting to determine P (t) and Q(t) in terms
of Hubble parameter to study observed cosmological
consequences. The modified action may work well to
get early inflation as well as late accelerating phase.
Using eqs. (5) and (9) one obtains
Q(t) = −6H2(t)− 24H3(t)dP (t)
dt
. (10)
Finally using eqs. (6), (9) and (10), one obtains a second
order differential equation given by
2H2(t)
d2P (t)
dt2
+2H(t)
(
2H˙(t)−H2(t)
) dP (t)
dt
+H˙ = 0.
(11)
3 . Gauss-Bonnet Modified Gravity and The
Emergent Universe
The energy-density and pressure obtained from the Ein-
stein field equations in 4-dimensions are given by
ρ = 3H2, p = −(2H˙ + 2H2) (12)
where H represents Hubble parameter where κ2 = 1.
The field equations with a non-linear equation of state
(EoS) : p = Aρ − B√ρ was considered by Mukherjee
et. al. [26] to obtain an emergent universe (EU) model.
The important feature of the EU model is that there is
no-singularity and it describes the observed features of
the universe. The conservation equation is given by
dρ
dt
+ 3H(ρ+ p) = 0. (13)
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The conservation equation can be integrated using the
non-linear EoS which determines the energy density in
terms of the scale factors. The energy density is
ρ(a) =
1
(A+ 1)2
(
B +
K
a
3(A+1)
2
)2
(14)
which is new and interesting it depends on the EoS pa-
rameters A and B and K is an integration constant. It
may be mentioned here that Chaplygin gas [62] and its
modified forms [63,64,65] given by p = Aρ − Bρα with
α > 0 which is also a promising candidate in cosmology
does not permit such an expression for energy density
which can be identified with different types of cosmic
fluids. In the non-linear EoS considered by us it per-
mits three different types of fluids as the composition
of cosmic fluids determined by the parameter A. Ex-
panding the above equations, the total energy density
can be identified with three different fluids correspond-
ing to three different types of EoS. Therefore, one can
express
ρ(a) = Σ3i=1ρi and p(a) = Σ
3
i=1pi. (15)
It is noted that the parameter A plays an important
role in understanding different types of cosmic fluids
present in the universe [26]. Later considering interac-
tions among the fluids it is shown that a physically
viable emergent universe can be obtained for different
strengths of interactions among them accommodating
observed universe [51]. The scale factor of the universe
is obtained from eq. (12) which is
a(t) =
[
3K(A+ 1)
2
(
σ +
2√
3B
e
√
3
2 Bt
)] 2
3(A+1)
(16)
where σ and K are integration constants. It is evident
that at infinitely past i.e. t→ −∞, the scale factor be-
comes a = ao a static Einstein universe which evolves
later to a dynamical universe scenario [26,51] encom-
passing the present observed universe. The interesting
aspect of the emergent universe is that there is no singu-
larity, early inflationary universe can be realized in ad-
dition to present accelerating phase. The universe how-
ever emerged out from an Einstein static phase. It is
also shown that the static Einstein phase can be re-
alized in the context of wormhole. The throat of the
wormhole expands to a big universe after a pretty long
time determined by a cosmological term Λ [66].
For an emergent universe with scale factor given by
eq. (16), the differential equation for the Hubble pa-
rameter is expressed as
H˙ = αH − βH2 (17)
with α =
√
3B
2 and β =
3(A+1)
2 . Now the scale factor
given by eq. (16) can be rewritten in a simple form as
[28]
a(t) = ao
[
η + eαt
] 1
β (18)
denoting ao =
(
3K(A+1)
2
) 2
3(A+1) 2√
3B
, η =
√
3Bσ
2 . In
this case at infinitely past i.e. t → −∞, the scale fac-
tor becomes a → aoη
1
β , thus a static Einstein uni-
verse emerged which later evolves to a dynamical uni-
verse [26,51] encompassing the present observed uni-
verse. The Hubble parameter is given by H = αe
αt
β(η+eαt) .
The general solution of eq. (11) using eq. (12) can be
obtained which accommodates emergent universe solu-
tion in a modified gravity in vacuum which is given by
P (t) = −ηβ
2(η + 2eαt)
α2(1 + β)e2αt
+C1a
1+2β
o
∫
(η + eαt)2+
1
β
e2αt
dt+C2
(19)
and consequently from eq. (10) one obtains
Q(t) = − 6α
2eαt
β2(η + eαt)2
[
8ηβ + eαt
]
+
24C1a
1+2β
o α
3eαt
β3(η + eαt)1−
1
β
(20)
where C1 and C2 are integration constants. The Gauss-
Bonnet combination can be expressed as a function of
cosmic time t which is now given by
G(t) =
24α4
β4
e3αt(ηβ + eαt)
(η + eαt)4
. (21)
The Gauss-Bonnet terms G is a function of t which is
highly non-linear. An inverse function of t in terms of
G namely, t = t(G) can be obtained which is given by
t = ±
[
ln η
α
− 1
α
ln
((
24α4
β4G
) 1
4
∓ 1)
)]
. (22)
Finally, the modified Gauss-Bonnet function is ob-
tained which is given by
F (G) = −
√
3G
2
− 2β
2
α2(1 + β)
(
α
β
(
24
G
) 1
4
− 1
)
G
− 4βη
2
√
6G(
α
β
(
24
G
) 1
4 − 1
) − β2G
α2(1 + β)
(
α
β
(
24
G
) 1
4 − 1
) (23)
for C1 = 0 and C2 = 0. The interesting feature of the
emergent universe solution is that the initial singularity
does not arise here. The universe in course of its evolu-
tion admits observed features of the universe scenario
as obtained in Ref. [26,51].
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4 . Emergent Universe from Mimetic F (G)
Gravity
To obtain the mimetic F (G)-gravity the following parametriza-
tion of metric is assumed in the gravitational action
given by eq. (1) : [60]-[73]
gµν = −g¯ρτ∂ρφ ∂τφ g¯µν (24)
Varying the metric one gets
δgµν = g¯
ρτδgτωg¯
ωσ∂ρφ ∂σφ g¯µν − g¯ρσ∂ρφ∂σφ δg¯µν
−2g¯ρσ∂ρφ ∂σ(δφ) g¯µν . (25)
Consequently one obtains following field equations
[60,61,67,68,69,70,71,72,73] varying the action with
respect to the redefined metric g¯ρσ instead of the stan-
dard Jordan frame metric gµν one obtains
Rµν − 1
2
gµνR+
8 [Rµδνσ +Rδνgσµ −Rδσgνµ −Rµνgσδ +Rµσgνδ]▽δ▽σFG
+4(gµσ − gνδ)R▽δ▽σFG+(FGG−F (G))gµν + ∂µφ∂νφ[
−R+ 8
(
−Rδσ + 1
2
gδσR
)
▽
δ
▽σFG + 4(FGG− F (G))
]
= Tµν + ▽µφ▽νφ T (26)
where FG =
dF
dG and ▽µfν = ∂µfν −Γ λµνfλ with the en-
ergy momentum tensor Tµν = diagonal(ρ,−p,−p,−p),
ρ the energy density, p the cosmic pressure and φmimetic
scalar field. Now varying the action w.r.t. φ one obtains
▽
µ
[
∂µφ
(
−R− 8
(
Rδσ − 1
2
gδσR
)
▽
δ
▽
σFG
)]
+4(FGG− F (G)) − T = 0. (27)
From eq. (24) one obtains
gµν∂µφ ∂νφ = −1,
where homogeneous scalar field φ depends on cosmic
time with a constraint φ = t. For a flat universe the
time-time component of the field equation in eq. (26) is
expressed as
2H˙ + 3H2 + 16H(H˙ +H2)
dFG
dt
+8H2
d2FG
dt2
− (FGG− F (G)) = −p. (28)
On integration eq. (27), one obtains
−R− 8
(
Rδσ −
R
2
gδσ
)
∂δ∂σFG+
4(FGG− F (G)) − ρ− 3p = − C
a3
(29)
which further can be rewritten as
2H˙ + 2H2 +
2
3
(FGG− F (G))+
4H(2H˙ + 3H2)
dFG
dt
+ 4H2
d2FG
dt2
= −ρ
6
+
p
2
− C
a3
(30)
here C is an integration constant. Using eqs. (28) and
(30) a final equation is obtained which is
H˙ + 2H2 +
2
3
(FG G− F (G))+
4H(2H˙−H2)dFG
dt
+4H2
d2FG
dt2
= −1
2
(ρ+p)− C
a3
. (31)
Here we denote g(t) = dFGdt and the above equation can
be written as
4H2
dg(t)
dt
+ 4H(2H˙ −H2)g(t) = −H˙ − (ρ+ p)
2
− C
a3
.
(32)
To obtain an emergent universe model discussed in sec.(II),
we use the eq. (17), it will generate the modified gravity.
The general solution now can be obtained from eq.(32)
corresponding to a functional form given by
g(t) = − C1
H2
a(t) (33)
where C1 is an integration constant. In this section, we
reconstruct the modified Gauss-Bonnet gravity to real-
ize the emergent universe scenario obtained by Mukher-
jee et. al [26] in Einstein’s General theory of relativity
with non-linear equation of state describing the mat-
ter. Now emergent universe model is obtained when the
right hand side of eq. (32) in the absence of dark radi-
ation (C = 0) is replaced by
H˙ +
1
2
(ρ+ p) =
1
2
H2 (34)
which determines the modified Gauss-Bonnet terms.
The modified GB terms will be determined in the next
section.
The Hubble parameter for emergent universe model
is
H =
H0e
αt
η + eαt
, H0 =
α
β
.
Thus the general solution in terms of t is given by
g(t) =
C1aoβ
2
α2e2αt
(
η + eαt
)2+ 2
β . (35)
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The modified Gauss-Bonnet gravity is then determined
in terms of t as
FG(t) =
∫
g(t)dt. (36)
It can be integrated for different values of β.
• For β = 1 one obtains
FG(t) = go
(
e2αt
2
+ 4ηeαt + 6η2α t− 4η3e−αt − η
4e−2αt
2
)
+Fo (37)
where go =
C1aoβ
2
α3 and Fo is a constant.
• For β = 2
FG(t) = go
(
eαt + 3ηα t− 3η2e−α t − η
3
2
e−2α t
)
+ F1
(38)
where F1 is an integration constant. It is noted that β is
playing here an important role in determining the mod-
ified Gauss-Bonnet gravity to accommodate emergent
universe solution. Using the GB terms with the scale
factor for emergent universe, t can be replaced by G as
t =
1
α
η(
Go
G
)1/4 − 1 (39)
where Go = 24H
4
0 (1+βη). The functional form of mod-
ified Gauss-Bonnet gravity can be determined from
(i) when β = 1
FG(G) = go

 η2
2
[(
Go
G
) 1
4 − 1
]2 + 4η2(
Go
G
) 1
4 − 1


−6η2go ln
[(
Go
G
) 1
4
− 1
]
− 4goη2
[(
Go
G
) 1
4
− 1
]
−goη
4
2
[(
Go
G
) 1
4
− 1
]2
+ fo (40)
(ii) when β = 2
FG(G) = go

 η(
Go
G
) 1
4 − 1
− 3η ln
[(
Go
G
) 1
4
− 1
]

−goη
[(
Go
G
) 1
4
− 1
]
− goη
2
[(
Go
G
) 1
4
− 1
]2
+ f1 (41)
where fo and f1 are constants. The above modified
gravitational actions accommodates EU scenario fairly
well. For G >> Go one gets
• F (G) = λ1+
(
fo − 10goη2 − 12goη4 − 3η
2go lnGo
2
)
G+
3η2go
2 G lnG − 13goη
2Go
2 lnG + 8η
2goG
3
4
o G
1
4 − (2η2 +
11) goη
2
√
Go G+ 4goη
2(η2 − 1)G
1
4
o G
3
4 ;
• F (G) = (f1 − 3goη2 − 3goη4 lnGo) G+ 3goη4 G lnG−
go η Go lnG + 4go η G
3
4
o G
1
4 − 3go η
√
Go
√
G +
4go η G
1
4
o
3 G
3
4 + λ2
where λ1 and λ2 are integration constants for β = 1
and 2 respectively.
5 . Discussion
In this paper modified gravity with Gauss-Bonnet terms
is reconstructed which accommodates flat emergent uni-
verse model. Earlier a number of cosmological models
with various evolution having a bouncing solution are
explored with a reconstructed mimetic gravity [17,18,
19], but the present work is different. It is known that
the Gauss-Bonnet terms in four dimensions is equiva-
lent to a Euler number which does not contribute in the
dynamics of a matter dominated universe. However, in
the presence of a dilaton field coupled to Gauss-Bonnet
combination is capable of producing the evolutionary
features of the observed universe. It is also shown that
an Emergent universe scenario can be realized in this
framework which describes early universe and late uni-
verse fairly well [28]. The non-linear functional form of
the Gauss-Bonnet gravity is obtained which accommo-
dates the emergent universe scenario with all the fea-
tures of the observed universe. We note that in the ab-
sence of a dilaton field a non-linear combination of GB
terms accommodates EU solution. We reconstructed
the modified gravity action with F (G) which is relevant
in the early and also in the late universe. The non-linear
EoS parameters A and B of GR is replaced here by α
and β. It is noted that a number of modified gravity can
be predicted with different values of β-parameter which
admits EU model here. It is found that for a given α,
the Hubble parameter decreases with an increase in β
at the present epoch. Thus Gauss-Bonnet terms play an
important role in understanding the observed universe
which is described by dark matter and dark energy in
Einstein General theory of relativity. The parameter η
is also playing a significant role which analogously com-
pared with the non-linear EoS parameter A in GR for
obtaining EU scenario. Thus a rich structure of GR
modified with non-linear combination of Gauss-Bonnet
terms in the Einstein-Hilbert action is explored here
which plays an important role in cosmology.
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